Because of the finite speed of light, a laser guide Star that is seen from the side is not exactly a straight line. When such a laser guide star is used to sense tip-tilt with some of the perspective-based techniques that are used to retrieve an absolute tip-tilt laser, such nonstraightness introduces an error. We estimate this effect for various diameters of a laser projector, assuming a Kolmogorov turbulence spectrum and figuring the maximum achievable Strehl ratio. We found that under poor seeing conditions the effect is not negligible and that laser projectors larger than those currently used are required.
Introduction
Laser guide stars ͑LGS's͒, by means of resonant backscattering in the natural mesospheric sodium layer, provide the astronomical community with an opportunity to achieve full-sky diffraction-limited capabilities by using high-order adaptive optics compensation.
It is perhaps ironic that LGS-based conventional adaptive optics systems are characterized by limited sky coverage because of the lack of tip-tilt information. 1 When one is seeking performances in the visible wavelengths comparable with those that one could achieve with a space telescope with a similar aperture and a similar brightness and angular distance of a suitable natural guide star ͑NGS͒ for tiptilt retrieval, it turns out that a sky coverage that barely reaches 1% can be achieved. 2 To overcome such severe limitations, several tiptilt retrieval techniques have been devised. [3] [4] [5] [6] [7] [8] Perspective-based techniques 9, 10 seem to be promising: those explained in Refs. 7-10 use some NGS's for tilt retrieval, whereas those described in Refs. 3-6 rely uniquely on LGS's. The latter do not rely on any assumption about atmospheric turbulence characteristics and, relative to some NGS's ͑even if located much farther from the scientific target than the size of the isokinetic patch͒ rule out jitter problems at the observing telescopes that could limit the practical implementation of other techniques.
Perspective-based LGS tip-tilt retrieval by auxiliary laser projectors has the lowest effect on the ground around the main observatory, and, in principle, a relatively small track around the telescope could be enough to reach an ambitious goal. 11 Although the interested reader can consult the related references for some discussions of this technique, we summarize it briefly below.
While the main telescope is looking at the target of the high-order adaptive optics loop, the nearest NGS is located. There is no limitation on the distance between the target and the NGS; in other words, the distance can be much larger than the isokinetic patch.
A LGS fired by a projector located away from the main telescope is seen from the main telescope as a straight line, thanks to the nonnegligible thickness of the sodium layer. The position and the altitude of the laser projector are adjusted in such a way that in the field of view of the main telescope the straight line is seen in perspective in the foreground of both the target and the NGS. Because of the intrinsic straight shape of the LGS, one can link the tilt of the NGS with that of the target and derive the latter easily. Beam wandering of the LGS, in fact, is canceled because it is the same for the two observed objects ͑at least in the instantaneous propagation assumption͒.
For tracking, the relative position of the laser projector must be constantly updated; a partial general description of the problem can be found in Ref. 12 . Generally speaking, three LGS's and two NGS's are required for fully exploiting the bidimensional tilt wandering.
Our main goal in this paper is to identify how the propagation delay effect limits the maximum achievable Strehl ratio of the auxiliary LGS technique, which still relies on some off-axis NGS to retrieve the absolute tilt.
Propagation Delay and Apparent Shape of a Laser Guide Star
If instantaneous propagation of the laser beam from the projector to the mesospheric sodium layer is assumed, the LGS will appear to an observer on the side as a straight shape, regardless of the wandering of the upward laser beam. Although this could present a problem in terms of tracking or acquisition, the angular displacement of the LGS does not represent a fundamental limitation, provided that such displacement is smaller than the isoplanatic patch. The last condition, however, is usually well satisfied and is not considered a source of trouble.
Because of the finite speed of light, however, the propagation is not instantaneous, and an observer will see the displacement, which is due to the upward beam's wandering with a tiny delay between different portions of the LGS itself.
Let us call the thickness of the sodium layer at whose edges the NGS and the target of the observations are seen by the main telescope looking with a zenithal angular distance z ͑see Fig. 1͒ .
Under these conditions the time delay ⌬t between observations at the main observatory of a disturbance in the LGS position is given by
where c is the speed of light.
Assuming that most of the upward beam wandering occurs at layers with an altitude much lower than the sodium layer height ͑a well-satisfied condition͒ the relative angular displacement ⌬ from the straight line experienced by the main observer is given by
In fact, for elapsed time ⌬t the apparent positions of the two extrema of the LGS, as seen from the main observatory, can be obtained by the first-order derivative of the upgoing beam tilt .
Although one can use a thickness much smaller than the natural thickness of the sodium layer, it is evident that within the framework, to minimize the ground occupation around the main observatory, one should try to use as great a sodium thickness as possible. Below we assume ϭ 10 km ͑Ref. 13͒ and an average zenithal distance observation of z ϭ 30°.
Numerical Simulation
With a characteristic wind speed w and an outer scale L 0 , it is easy to define the expected power spectrum of the tip-tilt temporal evolution of a beam launched from a projector with a clear aperture d.
In fact, the power spectrum is characterized by two different regimes with two different power laws ͑see Fig. 2͒ . In the first part an f Ϫ2͞3 behavior is expected from characteristic frequencies of w͞L 0 to w͞d, and for higher frequencies f Ϫ11͞3 behaviors should be experienced. As stated by Conan et al., 14 in fact, a decrease from the characteristic frequency described above, sharper than usual f Ϫ8͞3 behavior, is to be expected, 15 and it is experimentally seen. 16 Moreover, following Conan et al., one could also say that the f Ϫ8͞3 behavior is "reduced to a small frequency domain and is consequently difficult to identify." The high-frequency power spectrum drops to zero at frequencies characterized by w͞l 0 , where l 0 is Fig. 1 . Configuration adopted for the LGS tip-tilt retrieval.
Fig. 2. Two power spectra for two different projector apertures d.
One can easily note that the knee in each spectrum falls at different frequencies for the two cases.
the inner scale. We adopted a fixed value of l 0 ϭ 5 ϫ 10 Ϫ3 m. We point out that at the range of frequencies concerned on such a scale, the power spectrum is so weak that the overall results have a negligible influence on different choices for l 0 .
The tilt is generated starting from the synthetic power spectrum by an inverse Fourier transform with randomly chosen arguments of the complex power spectrum. The tip-tilt time series is later normalized by
whereas the derivative needed to retrieve ⌬ is obtained numerically ͑see Fig. 3͒ . From the time evolution of ⌬ it is straightforward to obtain as its standard deviation.
Results and Discussion
In our simplified model the atmosphere is fully characterized by two parameters: r 0 and the typical wind speed w. We adopted two situations that we called good and poor seeing. In the good-seeing case r 0 ϭ 0.2 m is adopted, corresponding to moderately good seeing at the best-known site for astronomical telescopes; in this case we assumed a low wind speed of w ϭ 10 m s
Ϫ1
. For the poor-seeing case, r 0 ϭ 0.05 m is considered and a much higher wind speed of w ϭ 40 m s Ϫ1 is taken as reference. While it is clear that most of the observing time will occur within these two limits, it is important to point out that we would like to spend considerable effort on multiple LGS systems to achieve, with 8-m-class telescopes, full-sky diffraction-limited capabilities on a routine basis, regardless of the seeing conditions of the atmosphere ͑or, in other words, to mimic a true space telescope͒.
Although the rms difference between the two opposite extrema of the LGS, taken here as a reference for the jitter accuracy limitation, does not depend on the main telescope diameter, the Strehl degradation will grow with the larger telescope diameter. We used the relationship 17
and the corresponding results are summarized in Fig.  4 for laser projector diameters d spanning from d ϭ 0.05 m to d ϭ 2.00 m. We empirically observed that the behavior of versus d is characterized by the simple relationship
where K is fitted numerically to our numerical results for each of the two seeing conditions. We obtained K ϭ 3.32 ϫ 10 Ϫ4 arc sec m for good seeing. In Table  1 the Strehl degradation that occurs when a laser projector has a diameter of d ϭ 0.40 m is given on the left-hand side of the table. The right-hand side gives the laser projector diameter required for the S ϭ 0.9 degradation case and K ϭ 3.55 ϫ 10 Ϫ3 arc sec m for the poor one.
We made two different runs with a 16,384-point time series generated with a frequency sampling of 1 kHz. The tilt sequences were generated with a synthetic power spectrum inverted by a fast Fourier transform. We created the Fourier transform of a tilt series, adopting as the modulus the square root of a typical tilt power spectrum, taking into account the cutoff frequency, and adopting as the phase a uniform randomly distributed set of values ranging between 0 and 2. The two parts have been combined to yield a complex series with a real part and an imaginary part. The complex series was inverted by means of a fast Fourier transform: Both the real and the complex parts of the result can be taken as tilt sequences. The final step was normalization to a desired value of the tilt variance. After a three-point differentiation a test was performed to ensure that the power spectra of the tilt derivative follow the behavior of the original tilt multiplied by an f Ϫ1 relationship. The results are shown in Fig. 4 and summarized in Table 1 .
Conclusions
Are there countermeasures for the effects described in the text? The trivial one is to use a larger laser projector, but this is not cost effective, especially if one sees this technique in comparison with the auxiliary telescope technique. A possible solution could be to tip-tilt correct the outbound laser beam that is looking for a NGS located farther along the line of sight of the auxiliary projector. It is realistic that the combined request for two NGS's, rather than one, will lead to a larger ground occupation.
The calculations described in this paper again show how difficult it is to face the goal of full-sky diffraction-limited performance. A detailed analysis of all the side effects for each of the tip-tilt retrieval techniques performed in an homogeneous manner is needed and, together with the analog details for the conical anisoplanatism problem, should be able to determine the limits of the techniques or to suggest counteractions to improve these techniques or even to suggest new ones.
